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I. Introduction

• It is still a quite popular idea that the polarized deep inelastic

lepton-nucleon scattering (DIS) measured quark spin invalidates

the constituent quark model (CQM).

I will show that this is not true. After introducing minimum

relativistic modification, the DIS measured quark spin can be 

accomodated in CQM.

• One has either gauge invariant or non-invariant decomposition 

of the total angular momentum operator of nucleon, but one has 

no gauge invariance and canonical commutation relation both 

satisfied decomposition. 

This will cause further confusion in the nucleon spin structure

study and might have already caused.



II.The first proton spin crisis and 

quark spin confusion

quark spin contribution to nucleon spin in

naïve non-relativistic quark model

consistent with nucleon magnetic moments.
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The DIS measured quark spin contributions are:

(E.Leader, A.V.Sidorov and D.B.Stamenov, PRD75,074027(2007);

hep-ph/0612360)   

(D.de Florian, R.Sassot, M.Statmann and W.Vogelsang, PRL101,

072001(2008); 0804.0422[hep-ph])
.
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u d s    



Contradictions!?

• It seems there are two contradictions 

between the CQM and measurements:

1.The DIS measured total quark spin 

contribution to nucleon spin is about 25%, 

while the naïve quark model is 1;

2.The DIS measured strange quark 

contribution is nonzero,  

while the naïve quark model  is zero.



First confusion

• The DIS measured one is the matrix element of 

the quark axial vector current operator in a 

polarized nucleon state,

Here a0= Δu+Δd+Δs which is not the quark 

spin contributions calculated in 

CQM. The CQM calculated one is the matrix 

element of the Pauli spin part only.
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The axial vector current operator can 

be expanded instantaneously as:



• Only the first term of the axial vector current 

operator, which is the Pauli spin, has been 

calculated in the non-relativistic quark models. 

• The second term, the relativistic correction, has 

not been included in the non-relativistic quark 

model calculations. The relativistic quark model 

does include this correction and it reduces the 

quark spin contribution about 25%. 

• The third term,      creation and annihilation, has 

not been calculated in models with only valence 

quark configuration.

qq



An Extended CQM 

with Sea Quark Components

• To understand the nucleon spin structure 

quantitatively within CQM and to clarify the 

quark spin confusion further we developed 

a CQM with sea quark components,
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Model prediction of quark spin 

contribution to nucleon spin







III.The second proton spin crisis 

and the quark orbital angular 

momentum confusion

R.L.Jaffe gave a talk at 2008 1th International 

Symposium on Science at J-PARK, raised the

second proton spin crisis, mainly
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Second confusion

• The quark “orbital angular momentum”

calculated in LQCD and measured in DVCS is not the 

real orbital angular momentum used in quantum 

mechanics. It does not satisfy the Angular Momentum

Algebra,

and the gluon contribution is ENTANGLED in it.
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Where does the nucleon get spin? 

Real quark orbital angular momentum contribution

• As a QCD system the nucleon spin consists of 

the following four terms (in Coulomb gauge),



• The real quark orbital angular momentum 

operator can be expanded instantaneously as,



Quark orbital angular momentum will 

compensate the quark spin reduction

• The first term is the non-relativistic quark orbital 

angular momentum operator used in CQM, which 

does not contribute to nucleon spin in the naïve CQM.

• The second term is again the relativistic correction, 

which will compensate the relativistic quark spin 

reduction.

• The third term is again the      creation and annihilation 

contribution, which will compensate the quark spin 

reduction due to        creation and annihilation.

qq

qq



• It is most interesting to note that the relativistic 

correction and the       creation and annihilation 

terms of the quark spin and the orbital angular 

momentum operator are exact the same but with 

opposite sign. Therefore if we add them together 

we will have 

where the      ,      are the non-relativistic quark 

spin and orbital angular momentum operator 

used in quantum mechanics.

qq



• The above relation tell us that the quark contribution to nucleon 
spin can be either attributed to the quark Pauli spin, as did in 
the last thirty years in CQM, and the non-relativistic quark 
orbital angular momentum which does not contribute to the 
nucleon spin in naïve CQM; or

• part of the quark contribution is attributed to the relativistic 
quark spin as measured in DIS, the other part is attributed to 
the relativistic quark orbital angular momentum which will 
provide 

the exact compensation of the missing part in      

the relativistic “quark spin”

• one must use the right combination otherwise will 
misunderstand the nucleon spin structure.



Prediction
• Based on the LQCD and the extended quark 

model calculation of quark spin;

• and the analysis of quark spin and orbital angular 
momentum operators;

The matrix elements of the real relativistic quark 
orbital angular momentum should be:

under a reasonable assumption that the non-relativistic quark orbital 
angular momentum contributions are not a  too large negative value. 

• This can be first checked by the LQCD calculation 

of the matrix elements of the real quark orbital 

angular momentum.

0u dL L 



IV.A consistent decomposition of 

the momentum and angular 

momentum of a gauge system

Jaffe-Manohar decomposition:

R.L.Jaffe and A. Manohar,Nucl.Phys.B337,509(1990).



• Each term in this decomposition 

satisfies the canonical commutation 

relation of angular momentum 

operator, so they are qualified to be 

called quark spin, orbital angular 

momentum, gluon spin and orbital 

angular momentum operators.

• However they are not gauge invariant 

except the quark spin.



Gauge invariant decomposition:

X.S.Chen and F.Wang, Commun.Theor.Phys. 27,212(1997).

X.Ji, Phys.Rev.Lett.,78,610(1997).



• However each term no longer satisfies the 
canonical commutation relation of angular 
momentum operator except the quark spin, in 

this sense the second and third term is not the

real quark orbital and gluon angular 
momentum operator.

• One can not have gauge invariant gluon spin 
and orbital angular momentum operator 
separately, the only gauge invariant one is the 
total angular momentum of gluon.

• In QED this means there is no photon spin and 
orbital angular momentum! Contradict to the 
well established multipole radiation analysis.



Gauge invariance and canonical 

quantization satisfied decomposition

• Gauge invariance is not sufficient to fix the 
decomposition of the angular momentum of a 
gauge system.

• Canonical quantization rule of the angular 
momentum operator must be respected. It is also 
an additional condition to fix the decomposition.

X.S.Chen, X.F.Lu, W.M.Sun, F.Wang and T.Goldman Phys.Rev.Lett. 
100(2008) 232002.

arXiv:0806.3166; 0807.3083; 0812.4366[hep-ph];

0909.0798[hep-ph]



" " "

QED e eJ S L S L    

3

2
eS d x   

'' 3 pure

e

D
L d x x

i
  

" 3

phyS d xE A  
" 3 i i

pure physL d xE x D A  
,phys pureA A A  0, .phys physA A A   

,
3 ,

,

1 ( )
,

4
phy

B x
A d x

x x



 .pure pureD ieA

It provides the theoretical basis of the multipole radiation analysis
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Non Abelian complication
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Consistent separation of nucleon 

momentum and angular momentum

3Standard construction of orbital angular momentum   xL d x P 



• Each term is gauge invariant and so in 

principle measurable.

• Each term satisfies angular momentum 

commutation relation and so can be 

compared to quark model ones.

• In Coulomb gauge it reduces to Jaffe-

Manohar decomposition. 

• In other gauge, Jaffe-Manohar’s quark, 

gluon orbital angular momentum and 

gluon spin are gauge dependent. Ours are 

gauge invariant.



• It is not a special problem for quark and 
gluon angular momentum operators;

• But a fundamental problem for a gauge 
field system. Operators for the individual 
part of a gauge system need such kind 
modifications. 

X.S.Chen, X.F.Lu, W.M.Sun, F.Wang and T.Goldman, Phys.Rev.Lett. 

100,232002(2008), arXiv:0806.3166; 0807.3083; 0812.4336[hep-ph];

0909.0798[hep-ph]



V. Summary

• There are different quark and gluon 
momentum and orbital angular momentum 
operators. Confusions disturbing or even 
misleading the nucleon spin structure studies.

• Quark spin missing can be understood within 
the CQM.

• Quite possible, the real relativistic quark 
orbital angular momentum will compensate 
the missing quark spin.

• A LQCD calculation of the matrix elements of 
u,d quark real orbital angular momentum 
might lighten the nucleon spin structure study.



• For a gauge system, the momentum and 

angular momentum operators of the individual 

part (quark~gluon, electron~photon), the 

existed ones are either gauge invariant or 

satisfy the canonical commutation relation only 

but not both.

• We suggest a decomposition which satisfies 

both the gauge invariance and canonical 

commutation relations. It might be useful and 

modify our picture of nucleon internal structure.



Quantum Mechanics

• The fundamental operators in QM  
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For a charged particle moving in em field, 

the canonical momentum is,

• It is gauge dependent, so classically it is 

Not measurable.

• In QM, we quantize it as                 no 

matter what gauge is.

• It appears to be gauge invariant, but in fact 

Not!
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Under a gauge transformation

The matrix elements transformed as   
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New momentum operator
• Old generalized momentum operator for a charged particle 

moving in em field,

It satisfies the canonical momentum commutation relation, but its 

matrix elements are not gauge invariant.

• New momentum operator we proposed,

It is both gauge invariant and canonical commutation relation 

satisfied.
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We call

physical momentum.

It is neither the canonical momentum

nor the mechanical momentum
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Gauge transformation 

only affects the longitudinal part of the vector potential 

and time component

it does not affect the transverse part,

so      is physical and which is completely determined 

by the em field tensor                    .

is unphysical, it is caused by gauge transformation.

'

// // ( ),A A x 

' ( ) ,iq xe  
' ( ),A A x   

,'

  AA

' ( ),t x   

A

//A

, ,E and B



Separation of the gauge potential
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Gauge transformation

Under a gauge transformation,
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Non Abeliean case
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Gauge transformation
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Hamiltonian of hydrogen atom
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Coulomb gauge:

Hamiltonian of a non-relativistic charged particle

Gauge transformed one
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Follow the same recipe, we introduce a new 

Hamiltonian,

which is gauge invariant, i.e., 

This means the hydrogen energy calculated in

Coulomb gauge is gauge invariant and physical.
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A check

• We derived the Dirac equation and the 

Hamiltonian of electron in the presence of a 

massive proton from a em Lagrangian with 

electron and proton and found that indeed 

the time translation operator and the 

Hamiltonian are different, exactly as we 

obtained phenomenologically before.

W.M. Sun, X.S. Chen, X.F. Lu and F. Wang, arXiv:1002.3421[hep-ph]



QED

• Different approach will obtain different energy-momentum

tensor and four momentum, they are not unique:

Noether theorem

Gravitational theory (weinberg)

• It appears to be perfect and its QCD version has been used in 

parton distribution analysis of nucleon, but do not satisfy the 

momentum algebra.

• Usually one supposes these two expressions are equivalent, 

because the sum of the integral is the same.
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We are experienced in quantum mechanics, so we 

introduce

They are both gauge invariant and momentum 

algebra satisfied. They return to the canonical

expressions in Coulomb gauge.

3 { }
pure i iD

P d x E A
i

 

  

 AAA //

//pureD ieA



The renowned Poynting vector is not the proper 

momentum of em field

It includes photon spin    and 

orbital angular momentum

     ii AErxdAExdBErxdJ 333 )(



QCD

There are three different momentum operators as in QED,
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Angular momentum operators

The decomposition of angular 

momentum operators have been 

discussed before, and will not be 

repeated here. 



VI. Summary
• There is no proton spin crisis but quark spin and 

orbital angular momentum confusion.

• The DIS measured quark spin can be accomodated 
in CQM.

• One can either attribute the quark contribution to 
nucleon spin to the quark Pauli spin and the non-
relativistic quark orbital angular momentum or to the 
relativistic quark spin and orbital angular momentum.  
The following relation is an operator relation,

• The real relativistic quark orbital angular momentum 
will compensate the quark spin missing.



• The gauge potential can be separated into physical 
and pure gauge parts. The physical part is gauge 
invariant and measurable.

• The renowned Poynting vector is not the right 
momentum operator of em field.

• The photon spin and orbital angular momentum can 
be separated.

• The quark (electron) and gluon (photon) space-time

translation and rotation generators are not 
observable.

• The gauge invariant and canonical quantization rule 
satisfied momentum, spin and orbital angular 
momentum can be obtained. They are observable.

• The unphysical pure gauge part has been gauged 
away in Coulomb gauge. The operators appear 
there are physical, including the hydrogen atomic 
Hamiltonian and multipole radiation.



We suggest to use the physical momentum, 

angular momentum, etc.   

in hadron physics as have been used 

in atomic, nuclear physics so long a time.

Quite possible, it will modify our picture of 

nucleon internal structure.



Thanks


